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 1−2−1 

[1st Kyu]       Section 2: Application Test 
1 (Selective) 

For a positive integer n , let ( )nϕ  be the number of positive integers less than or equal to 
n  that are relatively prime to n . 

 (1) Find the value of (2021)ϕ . Write only your answer. 

(2) Among positive integers x  that satisfy the congruence 

2273 5 (mod 2021)x ≡ , 

there is only one value of x  that is less than or equal to 2021 (you don’t need to 
prove this). Find the integer. You may use the following facts without proving them. 

   If two positive numbers a  and m  are relatively prime, then  
( ) 1 (mod ).ma mϕ ≡  

 The following congruences hold: 

8

5

6

7

9

10

5 1104 (mod 2021),
5 1478 (mod 2021),
5 1327 (mod 2021),
5 572 (mod 2021),
5 839 (mod 2021),
5 153 (mod 2021).
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≡

≡

≡

≡

≡

 

 

 

 



 

 

 1−2−2 
2 (Selective) 
 The function defined by 

1

0
Γ( ) t xt x e dx

∞
− −= ∫  

is called the gamma function, where t  is a positive real number and e  is the base of the 
natural logarithm. You many use the following facts without proving. 

lim 0a x

x
x e−

→∞
=  (a  is a real number)  and  

2

0 2
xe dx

π∞
− =∫ . 

(1) Prove the following ① and ②.                                 (Proof skill) 
 

① Γ( 1) Γ( )t t t+ =  

② Γ( 1) !n n+ =  for a positive integer n  

(2) Calculate the following improper integral. 
 

0

5

3
1 21loget d

t
t

 
 
 ∫  

  
3 (Selective) 

 In △ABC, let BC a= , CA b= , AB c= , CAB A∠ = , ABC B∠ =  and BCA C∠ = . 

If 3a b c+ + = , find the minimum value of 

2 2 2

.
3 2 3 23 sin 3 sin 3 si3 n2

a b c
T

A B C
= + +

+ + +
  

 
  



 

 

 1−2−3 
4 (Selective) 

 Three people, A, B and C bowled. 
Person A played 100 frames, person B 
played 120 frames and person C played 
80 frames. The table shows the number 
of strikes (all ten pins are knocked 
down on the first roll), the number of 
spares (the last of the ten pins is/are 
knocked down on the second roll of a 
frame) and the number of the other 
results for each person. 

 A B C Total 

Strike 27 45 18 90 

Spare 18 18 24 60 

Other 55 57 38 150 

Total 100 120 80 300 
 

 Can it be concluded that there is no difference in the proportions of the numbers of strikes, 
spares and the others for the three people? Conduct the hypothesis test at the significance 
level 0.05 under  

the null hypothesis 0H : there is no difference among the three people, 

the alternative hypothesis 1H : there is a difference among the three people. 

Use the values in the 2χ -distribution table given.                    (Statistical skill) 

 
 



 

 

 1−2−4 
5 (Selective) 

 
Let N  be a set of positive integers. A mapping, denoted by ( )n f m= , from N  to N  is 
defined as follows: 

 

 For an integer k , 

(Ⅰ) If m  is even, that is 2m k= , ( ) 3n f m k= = . 

(Ⅱ) If m  is odd and is in the form 4 1m k= + , ( ) 3 1n f m k= = + . 

(Ⅲ) If m  is odd and is in the form 4 3m k= + , ( ) 3 2n f m k= = + . 

 

Answer the following.                                         (Organizing skill) 

 

(1) Verify that the mapping f  is bijective from N  to N  and express the inverse 
mapping, denoted by 1( )m f n−= , of ( )n f m=  in the form shown above. 

(2) Letting 0m  be an initial value, form the sequence 

0m , 1m , 2 ,m   

by 

1 ( )j jm f m+ = . 

Sometimes, depending on the value of 0m , we have 

0m m=


, where   is a positive integer. 

Here, we call the minimum positive integer   such that 0m m=


 the period for the 
initial value 0m . 
For example, if 0 1m = , we have 1 1m = , 2 1,m =  , then the period for the initial 
value 1 is 1. 
Among initial values 0 ( 1)m ≠  with a period less than or equal to 30, give three 
numbers of different periods and find their periods for the initial values. Write only 
your answer. 
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6 (Required) 

 Let n  be a positive integer and let I  be the 3 3×  unit matrix. For the 3 3×  square 
matrix 

3 3 5
3 3 7
1 1 1

A

− − − 
 =  
 
 

, 

nA  is expressed as 

2n
n n nA p A q A r I= + + , 

where np , nq  and nr  are real numbers. Find np , nq  and nr .       (Expression skill) 

 

  

 

  

 
  



 

 

 1−2−6 
7 (Required) 

Find the solution of the following differential equation under the initial conditions 
(0) 4y = −  and (0) 12y′ = , and express it in the form ( )y f x= . 

6 5 26cos 25y y y x x′′ ′+ + = +  

  

  

 
  



 

 

 


